INTEGRAL CURVATURE AND TOPOLOGICAL 
OBSTRUCTIONS FOR SUBMANIFOLDS 



THEODOROS VLACHOS 

Abstract. We provide integral curvature bounds for compact Riemannian 
manifolds that allow isometric immersions into a Euclidean space with low 
codimension in terms of the Betti numbers. 



1. Introduction 

According to Nash's embedding theorem, every Riemannian manifold can be 
isometrically immersed into a Euclidean space with sufficiently high codimension. 
On the other hand, there are results that put several restrictions on existence of 
isometric immmersions of a Riemannian manifold in a Euclidean space, when the 
codimension is low. A classical theorem due to Chern, Kuiper and Otsuki [5J [T7] 
states that a compact n-dimensional Riemannian manifold of non-positive sectional 
curvature cannot be isometrically immersed into R 2 ™ -1 . Moore [13 l fl4 l fl5 l [16] 
investigated topological restrictions on positively curved manifolds that allow iso- 
metric immersions in a Euclidean space with low codimension. In |13j he proved 
that any compact n-dimensional Riemannian manifold with positive sectional cur- 
vature that allows an isometric immersion in R™ +2 is homeomorphic to the sphere 
S n . Moreover, in |15 [ 116 ) it was proved that a compact n-dimensional Riemannian 
manifold with constant sectional curvature that admits an isometric immersion in 
jg>2n-i j g isomgtjic to a round sphere. 

All these results require conditions on the range of the sectional curvature. It 
is natural to ask whether the above restrictions on isometric immersions arc main- 
tained when one only assumes integral curvature bounds. In this paper, we address 
the following more general problem: 

Problem 1. What kind of restrictions, integral curvature bounds impose on iso- 
metric immersions in the Euclidean space with low codimension? 

We are interested in bounds for the L™/ 2 -norm of the tensors R — kR\ and 
R— n ( S ^ al 1 ) Ri for compact n-dimensional Riemannian manifolds (M n ,g). Here R 
and seal denote respectively the curvature tensor and the scalar curvature of g, k 
is a constant, and R\ = — \g*g, where • stands for the Kulkarni-Nomizu product. 
Particular case of the above question is the following problem that was posed by 
Shiohama and Xu [IS] . 
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Problem 2. Let M n be a compact n- dimensional Riemannian manifold (n > 3) 
which can be isometrically immersed into R 2n_1 . Does there exist a positive con- 
stant e{n) depending only on n such that if 

f SCal RA^dM <s{n), 

Jm n[n - 1) 11 

then M n is homeomorphic to S n ? 

Shiohama and Xu |18j , affirmatively answered this problem for the case of hy- 
persurfaces. 

The aim of the paper is to make a contribution to the above problems for compact 
Riemannian manifolds that allow isometric immersions in a Euclidean space, with 
low codimension p > 2, by providing topological bounds for the _L"/ 2 -norm of the 
tensors R — kRi and R — ;^ryy-Ri ■ Throughout the paper, all manifolds under 
consideration are assumed to be connected, without boundary and oriented. We 
prove the following results. 

Theorem 1.1. Given n > 4, k £ R and A > 0, there exists a constant e — 
e(n,k,X) > 7 such that if (M n ,g) is a compact, n-dimensional Riemannian man- 
ifold that admits an isometric immersion in W n+P , 2 < p < n/2, so that the scalar 
curvature and the second fundamental form a satisfy |scal| > A||o!|| 2 , then 



J 



{R-kRA^dM > e(n,k,X)I, 



IM 

where 



I := 



-p 

and fii is the i-th Betti number of M n with respect to an arbitrary coefficient field. 
Furthermore, 

(i) If k > and 

[ \\R -kRi\\ n/2 dM <e(n,k,X), 

then M™ has the homotopy type of a CW-complex with no cells of dimension i for 
p < i < n — p. 

(ii) For each k < 0, A > and a > 0, the class Ai{n, fc,A, a) of all compact 
n-dimensional Riemannian manifolds with J M \\R — kR\\\ n / 2 dM < a, that are iso- 
metrically immersed into K" +p , 2 < p < n/2, so that the scalar curvature and the 
second fundamental form satisfy |scal| > A||a|| 2 , contains at most finitely many 
homeomorphism types. 

Theorem 1.2. Given n > 4 and A > 0, there exists a constant e — e{n, A) > 0, 
such that if(M n ,g) is a compact, n-dimensional Riemannian manifold that admits 
an isometric immersion in K™ +p , 2 < p < n/2, so that the scalar curvature and the 
second fundamental form satisfy |scal| > A||a|| 2 . then 

r seal «/ 2 ^ 

/ R ~ ,1^ 1 dM>e(n,X) Vft. 
Jm n \ n ~ l ) 



In particular, if 



J 

Jm 



seal 

u 7 TT^ 1 



i/2 

dM < e(n, A), 
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then M n has the homotopy type of a CW- complex with no cells of dimension i for 
p < i < n — p. Moreover, 

(i) If the scalar curvature of M n is everywhere non-positive, then 



M 



R 



seal 



n(n — 1) 



i/2 



dM > e(n,X)^2pi 

i=0 



(ii) For each A > and a > 0, the class M.{n, A, a) of all compact n-dimensional 
Riemannian manifolds with J M \\R — n *£-i-) Ri \\ n / 2 dM < a, that are isometrically 
immersed into M. n+P , 2 < p < n/2, so that the scalar curvature and the second 
fundamental form satisfy seal < — A| | ct || 2 7 contains at most finitely many homeo- 
morphism types. 

The idea for the proofs is to relate the L™/ 2 -norm of the tensors R — kR\ and 
R— ^7^q R 1 with the Betti numbers using well-known results of Chern and Lashof 
O [7] , Morse theory and the Gauss equation. To this purpose, we need two algebraic 
inequalities for symmetric bilinear forms (see Propositions 2.3 and 2.4 below). The 
reason for imposing the additional assumption on the bound of the ratio of the 
scalar curvature to the squared length of the second fundamental form is that these 
inequalities fail without this condition. Actually, we provide counterexamples that 
justify the necessity of this assumption. 

The main ingredient for the proof of the inequalities is the theory of flat bilinear 
forms which was introduced by Moore [H] HI] as an outgrowth of Cartan's theory 
of exteriorly orthogonal quadratic forms [3] . This theory plays an essential role in 
the study of isometric immersions (cf. [2l 151 l9l [10]). 

Our results can be formulated in terms of the curvature operator 1Z : A 2 TM — > 
A 2 TM. In fact, it is easy to see that 



\R - kRx\\ = \\K - kld\\ and 



R 



seal 



n(n — 1) 



Ri 



fi- 



scal 



n(n — 1) 



Id 



where Id stands for the identity map on A 2 TM. In particular, we have the following 

Corollary 1.1. Let (M n ,g) be a compact n-dimensional Riemannian manifold with 
positive curvature operator TZ that admits an isometric immersion in M™ +p ,2 < 
P < n/2, so that the scalar curvature and the second fundamental form satisfy 
|scal| > A|Hj 2 ,A > 0. If 



IM 



K 



seal 



n(n — 1) 



-Id 



n/2 



dM < e(n, A), 



then M n is diffeomorphic to the sphere S n . 



2. Algebraic auxiliary results 

This section is devoted to some algebraic results that are crucial for the proofs. 
Let V, W be real vector spaces, equipped with nondegenerate inner products which 
by abuse of notation are both denoted by (.,.). The inner product of V is assumed to 
be positive definite. We consider the space Hom(V x V, W) of symmetric W- valued 
bilinear forms on V . This space may be viewed as a complete metric space by means 
of the usual Euclidean norm ||.|j. Recall that the Kulkarni-Nomizu product <p»i/j of 
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two bilinear forms <p, ip € Hom(V x V, E) is the (0,4)-tensor <p»ip : VxVxVxV — > 
R given by 

lflp(xi,X2,X 3 ,X4) := ip(xi,X3)ip(x 2 ,X4,) + ip{x 2 , x 4 )ip(xi , x 3 ) 

-(f(xi,Xi)lp(x2,X 3 ) - ip{x 2 ,X 3 )lp(xi,X4 : ), 

where X\, x 2 , x 3 , x± € V. 

Using the inner product of W, we extend the Kulkarni-Nomizu product for bi- 
linear forms /3, 7 G Hom(V x V, W) as the (0,4)-tensor {3»^: VxVxVxV — > K 
given by 

f3 •■y(x 1 ,x 2 ,x 3 ,x 4 ) := (f3(x 1 ,x 3 ),j(x 2 ,x 4 )) + (f3(x 2 ,x 4 ),j(x 1 ,x 3 )) 
~(f3(x 1 ,x 4 )n(x 2 ,x 3 )) - ((3(x 2 ,x 3 ),-f(x 1 ,x 4 )). 

A bilinear form (3 € Hom(V x V, W) is called flat with respect to the inner product 
(., .) of W if and only if 

(/3(xi,x 3 ),l3(x 2 ,x 4: )) - ((3(x ll x A )il3{x 2 ,x 3 )) = 

for all xi,x 2 , x 3 , 24 G V, or equivalently if and only if f3 • j3 = 0. 

Associated to a bilinear form /3 G Hom(V x V, W) is the nullity space N((3) 
defined by 

N(f3) = {x € V : /3(x, y) = for all y G U}. 
We need the following results on flat bilinear forms, the proofs of which can be 
found in [HCG3IB]. 

Proposition 2.1. Let /3 € Hom(V x V, VF) be a flat bilinear form with respect to 
a positive definite inner product of W . Then 

dimiV(/3) > dimV - dimW. 

Proposition 2.2. Let f3 G Hom(V x V, W) be a flat bilinear form with respect to 
a Lorentzian inner product of W . Suppose that dimV > dimVF and (3(x, x) 7^ for 
all x G V, x 7^ 0. Then there exist a non-zero isotropic vector e G W, and a real 
valued bilinear form (f> G Hom( V x V, R) such that 

dimN(/3 - 4>e) > dimV - dimW + 2. 

The following lemma is needed for the proof of the algebraic auxiliary results. 

Lemma 2.1. Let (3 € Hom(y x V, W) be a bilinear form, where V and W are 
both equipped with positive definite inner products and dimW^ < dimV — 2. If 
/3 • /3 = k(., •)•(., •) for some k 7^ 0, then k > and there exist a unit vector £ G W 
and a subspace V\ C V such that 

dimT4 > dimV - dimly + 1 

and 

/3(x, y) = Vk(x, y)£ for all x 6 V and y € Vi. 

Proof. From p • f3 = k(., .) • (., .), we easily deduce that the bilinear form j3 G 
Hom(y x V, W © R) given by 

P(x,y) (P{x,y),(x,y)), x,yeV, 

is flat with respect to the inner product ((.,.)) of W © R defined by 

«(£, t), (f), «))) := (£, V) - kst, (& i), (77, s) G W © R. 
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We claim that k > 0. Arguing indirectly, we suppose that k < 0. Then ((.,.)) is 
positive definite and according to Proposition 2.1, we obtain 

dim7V(/3) > dimV - dim(W © E), 

which contradicts our assumption on the dimensions. 

Thus k > 0, the inner product ((.,.)) has Lorentzian signature and (3 fulfills 
the assumptions of Proposition 2.2. Hence there exist a non-zero isotropic vector 
rj = (e, t) g W © E and a symmetric bilinear form g Hom(V x V, E) such that 

dim7V(/3 - ^77) > dimU - dimTU + 1. 

Setting Vi := iV(/3 — 0r/), we immediately see that (x,y) — t<j>{x,y) and f3(x,y) = 
4>{x,y)e for all x g V and y g Vi. Using the fact that 77 is isotropic, we obviously 
obtain p(x,y) — \/k{x,y)^ for all x g V" and y g Vi, where £ = ±e/|e|. □ 

Hereafter, V, W will be real vector spaces of dimensions n and p respectively, 
both equipped with positive definite inner products. For each /3 g Hom(V x V, W), 
we define the map 

ft : W — -> End(V), £ 1— > /? S (0 

such that 

(ft (Oar, y) = y), , for all x,yeV. 

Here, End(V) denotes the set of all selfadjoint endomorphisms of (V, (, )). 

When 2 < p < n/2, for each /3 € Hom(V x V,W), we denote by fi(/3) the 
following subset of the unit (p — l)-sphcrc in W 

Sl(0) := {uer 1 :p< IndexOS* (u)) < n-p}. 
Moreover, we define the "scalar curvature" function sc : Hom(V x V, W) — > E 

by 

1 " 

sc(/3) := - P» P(ei,ej,ei,ej), 
1 ij=i 

where {ei, e n } is an arbitrary orthonormal basis of V. 

We now may state the auxiliary results that are crucial for the proofs of the 
main results. 

Proposition 2.3. Given positive integers 2 < p < n/2 and numbers k g K, S > 0, 
there exists a constant c = c(n,p, k, 5) > 0, such that the following inequality holds 

||/3./3-fc(.,.).(.,.)|| 2 >c(n,p,k,6)( f \ dot ^(u)\dsX /n , 
for any f3 g Hom(V x V,W) with \sc(/3)\ > <5 2 ||^|| 2 7 where 



O fe (/3) := 




if k > 0, 
if k < 0. 



Proof. We consider the functions <fik,ipk '■ Hom(V x V, VK) — s- M defined by 
<p k {p) := ||/3./3-fc(, .)•(.,.) || 2 , MP)--= f \detft(u)\dS u , 
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Uk,s ■= 



where j3 € Hom(y x V, W). Moreover, we define the function u>k '■ Uk,8 — > K by 
where 

{/3 eKom(V xV,W) :ip k (f3) ^0 and |sc(/3)| > <5 2 ||/3|| 2 } if k ^ 0, 

|/3 g Hom(V x V,VF) : Vfe(/3) = 1 and |sc(/3)| > <5 2 ||^|| 2 } if fc = 0. 

We shall prove that mi uik(Uk,s) > 0. Arguing indirectly, we assume that there 
is a sequence {/3 m } in Uk,s such that 

(2.1) lim u k (P m ) = 0. 

m— >oo 

We note that fi m ^ for all to e N, since /3 m e f/fc.a- Then we may write 

Pm = WPmWPm, where ||/3 m || = 1- 

To reach a contradiction, we distinguish two cases. 

Case 1. Suppose that the sequence {/3 m } is unbounded. We may assume, by 
taking a subsequence if necessary, that lim™-^ \\(3 m \\ = +00. Since \\0 m \\ = 1, we 
may also assume that {/3 m } converges to some /3 g Hom(y x V, W) with ||/3| = 1. 

Using the fact that ipk is homogeneous of degree n, (2.1) yields 

\\% n *Pm--Jh F (,)*(,)\\ 2 n 

hm ^— — = 0. 

Since {tpk(Pm)} is bounded, the above implies that /? is flat. On the other hand, 
from m e Uk,g we have |sc(/J m )| > S 2 , and taking the limit for to — > 00 we obtain 
|sc(/3)| > <5 2 , contradiction. 

Case 2. Assume that the sequence {/3 m } is bounded. Then {/3 m } converges to 
some (3 e Hom(y x V,W), by taking a subsequence if necessary. From (2.1) it 
follows that <Pk(P) = 0, or equivalently /?•/? = fc(., .) • (., .). 

At first we assume that k = 0. Then /? is flat and non-zero. In fact, if j3 = 0, 
then = for all u g S p_1 . Since /3 m g U _g, there exists £ m g 5 P_1 such that 

(2.2) I dct /3« rl (C m )|Vol(5 p - 1 ) = 1 for all m g N. 

On account of |£ m | = 1, we may assume that the sequence {£ m } converges to some 
£ g S p—1 , by passing to a subsequence if necessary. Then, from limm^oo /3 m = j3, 
we get lim^oo^^jn) = /?*(£) = 0, which contradicts (2.2). Thus /3 ^ 0. On 
the other hand, from f3 m g J/j. $ we have |sc(/? m )| > 5 2 ||/3 m || 2 . Taking the limit for 
to — > 00, we obtain |sc(/3)| > <5 2 ||/3|| 2 , contradiction since /3 is flat. 

Now assume that fc 7^ 0. According to Lemma 2.1, fc > and there exist a unit 
vector £ g VF and a subspace Vi C V such that dimVi > n — p + 1 and 

(2.3) /3(a:, y) = Vk(x, y)£ for all x g V and y g Vi. 

By virtue of the fact that (3 m g f/fc,a, there exists an open subset U m of S^ -1 
such that 

U m <z{ue S^ 1 : p < Index(/3»») < n - p} 

and 

det/3^(u) 7^ for all ueU m and to g N. 
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Let {u m } be a sequence such that u m G U m for all m G N. On account of 
\u m \ = 1, we may assume hereafter that {u m } is convergent, by passing if necessary 
to a subsequence. We set u = lim TO _ ) . 00 u m . Since lim m _^oo /3^(u m ) = /?"(«) and 
u m G U m , we deduce that Index(/3"(u)) < n—p. Then from (2.3) we get (u, £) > 0. 
We claim that (u,£) — 0. Indeed, if > 0, then (2.3) implies that /3"(u) has 

at least n — p + 1 positive eigenvalues, and so, for to large enough, /3j^(w TO ) has at 
least n — p+1 positive eigenvalues. This, on account of the fact that det/3^(u) ^ 
for all u G U m , confirms that (3m(u m ) has at most p—1 negative eigenvalues, that 
is, Index(/3j^(u m )) <p—l, contradiction, since u m G U m . 

Thus, we have proved that for any convergent sequence {u m } such that u m G W m 
for all to G N, we have (lim m ^oo u m , £) = 0. 

Since U m is open, we may choose convergent sequences {«!!'}, {«m },-•■, {«m} 
such that t^', G W TO and span W for all to G N. Then, by virtue of 
(2.3) and the fact that (limm^oo = for all a G {1,2, ...,p}, we infer that 

the restriction of B m to V\ x V\ satisfies 



lim 0. 



m \VixVi 



= 



and consequently 

(2.4) lim (p m »Pm) 

m—^oo 

From the obvious inequality 

(j3m*Pm-K, •)•(.,.)) 



UixUixyixUi 



VixVixVixV! 



0. 



(2.4) and by virtue of lhrim^oo fk(f3 m ) = PkiP) — 0, we reach a contradiction since 
k> 0. 

Thus, we have proved that inf u>k(Uk t s) > 0. Obviously inf uik{Us) depends only 
on n,p, k and 5 and is denoted by c(n 7 p, k, S). Then the desired inequality follows 
immediately. □ 

Proposition 2.4. Given positive integers 2 < p < n/2 and a number S > 0, there 
exists a constant c = c(n,p, 5) > 0, such the following inequality holds 



8. 13- 



-(.,.)•(.,.) >c(n,p,5) 



n{n-l) VA(ffl 
for any [3 G Hom(V x V, W) with |sc(/3)| > 5 2 \\B\\ 2 , where 

( (1(0) tfscG8)>0, 

A (/3) : = < 

[ SP- 1 if sc(/3) < 0. 

Proof. We consider the functions (p, ib : Hom(V x V, W) - 

S c(/3) 



det BHu 



\ 4/" 

)|d5 u J , 



given by 



13. /3 



n(n — 1) 



<■,•>•<■,.) 



:= / |det0»(iO|dS„, 

JA(/3) 

where B G Kom(V x V,W). 

We shall prove that <p attains a positive minimum on Us, where 

U s := {/3 G Hom(V x V, W) : V(/S) = 1 and \sc(B)\ > <5 2 ||/3|| 2 }. 
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There exists a sequence in Us such that 

lim tp(p m ) = inf ip{Ug). 

m—too 

We observe that (i m 7^ for all m <E N, since /3 m e [/^. Then we may write 

Pm = \Wm\Wm, where HAnll = 1. 

We claim that the sequence {/3 m } is bounded. Assume to the contrary that 
there exists a subsequence of {(3 m }, which by abuse of notation is denoted again by 
{/3 m }, such that lim„ l _ s . 00 \\(3 m \\ = +00. Since \\(3 m \\ — 1, we may assume, by taking 
a subsequence if necessary, that {/3 m } converges to some j3 € Hom(V x V, W) with 
1 1/3 1 = 1. Using the fact that is homogeneous of degree n and since {/? m } € f/a, 
we get 

l,/u = SSr" 

Thus lim m _ > . 00 i/j(/3 m ) = and consequently <p(/3) — 0, or equivalcntly 

2 2 <P) 



n{n — 1) 



From {flm} € E/a, we have |sc(/3 m )| > S 2 . Taking the limit for to — > 00, we get 
sc(/3) 7^ 0. According to Lemma 2.1, sc(/3) > and there exists a unit vector 
£ € W and a subspace Vi C V such that dimVi > n — p + 1 and 

(2.5) y) = (x, y)£ for all a; G V and y e Vi . 

Moreover, since f3 m £ Us, there exists an open subset U m of 5 P_1 such that 

U m C A(/3 m ) and det/3 m (u,) 7^ for au u eU m and m € N. 
From sc(/3) > 0, we deduce that sc(/3 m ) > and so 

Um C {« e S^ 1 : p < Index(/3*») < n - p} 
for m large enough. 

Let {u m } be a sequence such that u m € i/ TO for all m e N. On account of 
|u m | = 1, we may assume hereafter that {u m } is convergent, by passing if necessary 
to a subsequence. We set u = lim-m^ooUm. Since limm^oo /3^(u m ) = /?"(u) and 
M m G t/ m , we deduce that Index(/3"(u)) < n — p. Then, from (2.5) we obtain 
(u, £) > 0. We claim that (u, () — 0. Indeed, if (m, £) > 0, then (2.5) implies 
that has at least n — p + 1 positive eigenvalues, and so, for m large enough, 

Pm( u m) bas at least n — p + 1 positive eigenvalues. This, on account of the fact 
that det/3 m (u) ^ for all u e U m , confirms that /3*j(w m ) has at most p— 1 negative 
eigenvalues, that is, Index(/3 m (w m )) < p — 1, contradiction, since u m € W m . 

Thus, we have proved that for any convergent sequence {u m } such that u m € U m 
for all to e N, we have (lim m _>oo u m , £) = 0. 

Since W m is open, we may choose convergent sequences {im},{«m},.-!{''™} 
im\«m\ -,2m € W m and span for all to e N. Then, by virtue of 
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(2.5) and the fact that (lim TO _ ) . cx) it \ £) = for all a G {1,2, ...,p}, we infer that 
the restriction of (3 m to V\ x V\ satisfies 

lim /3mU x v> = 



and consequently 

(2.6) lim (3m • % 

m^QO 

From the inequality 



_ _ _ _ =0. 
VixVixyixU! 



(An • An ^ g^U , •)•(.,.)) 2 < (K3m), 



sc(/3 m ) 
n(n — 1) 

(2.6) and by virtue of liuim^oo ip((3 m ) = <p{(3) = 0, we reach a contradiction since 
sc(3) > <5 2 > 0. 

Thus, the sequence {/3 m } is bounded, and it converges to some (3 G Hom(V" x 
V, W), by taking a subsequence if necessary. 

We claim that (p(f3) > 0. Assume to the contrary that (p((3) — 0, or equivalently 

M =£%<•,).(.,). 

n(n — 1) 

We notice that (5 ^ 0. Indeed if £ = 0, then ft{u) = for all u G 5 P_1 . Since 
An € there exists £ m G A(An) such that 

(2.7) I det/4(£ m )|Vol(A(/3 m )) = 1 for all m G N. 

On account of |£ m | = 1, we may assume that the sequence {£ m } converges to some 
£ € S^" 1 , by passing to a subsequence if necessary. Then, from liu^^oo An — A 
we get lim„ l _ ) . 00 An(£m) = /?"(£) = 0, which contradicts (2.7). 

Therefore (3 7^ 0. From the fact that An G {/$, we have |sc(/? m )| > <5 2 ||An|| 2 - 
Taking the limit for m — ^00, we deduce that |sc(/3)| > <5 2 ||A| 2 > 0. 

Then, according to Lemma 2.1, there exists a unit vector £ £ W and a subspace 
Vi C V such that dimVi > n — p + 1 and 
sc(/3) \ 1 /2 / 
i(n — 1) / 

By virtue of the fact that f3 m G [/a, there exists an open subset U m of S^ -1 such 
that 

U m C A(An) and det/? m («) 7^ for all ueU m and m G N. 
Since sc(/3) > 0, we see that 

U m C{«£ S^ 1 : p < Index(A*») < n - p) 
for m large enough. 

Let {u m } be a sequence such that u m G U m for all m G N. On account of 
\u m \ — 1, we may assume hereafter that {it m } is convergent, by passing if necessary 
to a subsequence. We set u = lim^ootim. Since lim m ^oo m ( u m) — /?"(it) and 
u m G W m , we deduce that Index(/3"(u)) < n—p. Then, from (2.8), we get > 0. 

We claim that (u, £) — 0. Indeed, if (u, £) > 0, then (2.8) implies that has 
at least n — p + 1 positive eigenvalues, and so, for m large enough, (3 m (u m ) has at 
least n — p+ 1 positive eigenvalues. This, on account of the fact that det (3 m (u) 7^ 
for all u G U m , confirms that (3 m (u m ) has at most p — 1 negative eigenvalues, that 
is, Index(/3^(u m )) < p — 1, contradiction, since zim G • 



/ sc(B) \ 1 / 2 

(2.8) /3(ar, y) = ( — ^ j (a:, y>£ for all x <E V and y G Vi. 
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Thus, we have proved that for any convergent sequence {u m } such that u m £ U m 
for all to e N, we have (lim m ^oo u m , £) = 0. 

Since U m is open, we may choose convergent sequences {«m},{!im},.-.,{iim} 
such that Um\um\ Urn S U m and span W for all to e N. Then, by virtue of 

(2.8) and the fact that (linim^oo Um\ £) = for all a G {1,2, ...,p}, we infer that 
the restriction of P m to V\ x V\ satisfies 

lim fi m \ ixVi = 

and consequently 

(2.9) lim (fi m • P, 

m^oo 

From the inequality 

Pm • P; 



= 0. 

V 1 xV 1 xV 1 xV 1 



-^k, •)•(•,.>) 2 <^ m ), 

n(n — 1) / VixVixVixv, 

(2.9) and by virtue of lim m _ J . 00 tp(0 m ) = <p{/3) = 0, we reach a contradiction since 
sc(/3)>5 2 ||/3|| 2 >0. 

Consequently, our claim is proved, that is, <p(0) > and so <p attains a positive 
minimum on Us which obviously depends only on n,p, S and is denoted by c(n,p, 5). 

Now let $ e U s . Assume that ip(@) ^ and set /? = P / (^{P)) 1 / 71 . Clearly 
/3 e f/j, and consequently tp(/3) > c(n,p,S). Since ip is homogeneous of degree 
4, the desired inequality is obviously fulfilled. In the case where ip(P) = 0, the 
inequality is trivial. □ 

Now we argue on the necessity of the assumption on the scalar curvature of bilin- 
ear forms in both Propositions 2.3 and 2.4. Actually we provide counterexamples 
that ensure that this assumption cannot be dropped. 

Example 2.2. Let {t] m }, {a$}, 2 < j < n,{b^},2 < a < p, be sequences of 
real numbers that tend to zero as to — > oo. Furthermore, we consider convergent 
sequences {jr>V}, {Om^}, 2 < j < n, 2 < a < p, such that 

n p n 

e- 1)/n E^) 2 + EE^ 0) ) 2 = i 

3=2 a=2j=2 

and 



(7S ) ) a = i-e-^ ( "- a)/B E(W- 

We now define the sequence {") m } in Hom(M™ x ]R™,R P ) by 

n 



3=2 



a=2 j=2 

where x = (x\ , . . . , x n ), y = (yi, . . . , y n ) and £i, . . . , £ p is the standard basis of ' 
The sequences are chosen so that 

p < Index (diag( 7 i 1) ,r? 2 i"- 1)/ "a^, . . . , ^""^"aW)) < « - P 
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and 



p < Index (diag(^),r^/"^< 2 ), . . .,V 2 J n 0t n) )) <n~P 



for any 2 < a < p. This implies that there exists an open subset of 5 P_1 such 
that Q C 0(7 m ) for all m e N. 
A direct computation shows that 



7m * 7m 



sc(7„ t ) 
n(n — 1) 



(•,•>•<•,•> 



where 

n p 



— '/m fmi 



(*) 



J=2 



a=2 
n p 



t V-7 (1) a 



n(n — 1) / — 



t=2 



2/n 



n(n — 1) 



1) A m m n(n - 1) .f-L . 



t=2 a=2 
P 



sjtt,s,t>2 



+i6 £ (^"E^^-^rryE^- 

i&,i,j>2 a=2 > t=2 

n p 



(t) 



2/n 



Moreover, writing u = ^ Q u a £ a , we see that 

\det~fl(u)\dS u = r ? ^-V ro , 



sj^t,s,t>2 



where 



*»= / (rf+^-^-E^n^ 

a=2 7=2 a=2 



dS u . 



We observe that lmim^oo p m — and 



- n P 

lim a m = / L nyv0k» 

«/ 1 i - o „ o 



j=2 a=2 



dS u , 



where 9^'°^ — limm^oo 9m°^ ■ We may also choose the sequences so that 

f « p 
/ \ u i 

^ n j=2a=2 

For instance, we may choose the sequences {9m°^}, 2 < j < n, such that 
lim {9^ 2) ■ ■ ■ 0^ n) ) ^ for a fixed 2 < a < p. 

m— >oo 

Hence 

SC(7mJ / \ / \ 



lim 

m— too 



(r n |det 7 iNI^„) 



4/t 



= lim - '"V = 0, 
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which implies that 
(2.10) 



lim ■ 

m— >oo 



sc(7m) ■(.,.)•(.,.) 2 



rc(n-l) 



n( 7m ) 



dct 7 i 



4/n 



0. 



Furthermore, we notice that ||7m|| 2 = 1 and lim-m^oo sc(7 m ) = 0. 

This together with (2.10) show that there exist no positive constant depending 
only on n,p such that the inequality in Proposition 2.4 hold without the condition 
on the scalar curvature. 



Example 2.3. We consider a sequence {7™} in Hom(R™ xK". 
example. Arguing as before, we similarly conclude that 

|2 



as in the previous 



lim 

m— too 



7m • 7m I 



(ifi( 7m ) \det-yL(u)\dS u ^ 



4/r. 



0. 



This proves that there exist no positive constant depending only on n,p such that 
the inequality in Proposition 2.3 hold for k — without the condition on the scalar 
curvature. 

Now let k ^ 0. We choose all sequences in Example 2.2 so that fcsc(7 m ) > for 
all m € N, and we consider the sequence {/3 m } given by 



A, 



n(n — l)k 
sc(7 m ) 



7m- 



We have 



4/n 



7m • 7m 



n(n — 1) 



(L fc (, m) l dct AMM^) " (f nhm) \det 7 L(u)\ds u ) 

and on account of (2.10), we get 

. . . . 1 

An • An - H; •) • (•, •) 



4/n 



lim 

m— >oo 



Idet 



$n{u)\dS u ) 



4/n 



= 0. 



Furthermore, since ||7m|| 2 = 1 and limm-^ sc(7 m ) = 0, we obtain 

lim MM.o 

From these we conclude that there exist no positive constant depending only on 
n,p, k such that the inequality in Proposition 2.3 hold without the condition on the 
scalar curvature. 

Remark 2.4. We have not explicitly computed the constants that appear in Propo- 
sitions 2.3 and 2.4. However these constants have the following property: 

lim inf c(n, p, k, S) = and liminf c(n,p, S) = 0. 

8^-0+ 6^0+ 
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We can easily get upper bounds for them. For instance, applying the inequality in 
Proposition 2.4 to the bilinear form /3 in Hom(R™ x R",R P ) given by 

/ n 
i=l 

where 1 < I < n, x = (xi, . . . , x„), y — (yi, . . . , y n ) and £ is a unit vector in W, we 
find the following estimate 

2^{^(n-lf-{(n-2lf-n) 2 ) {n -2lf-n 
c(n,p,S) < ^ —j^ for S 2 < -I . 

4n(n-l)(/ SP _ 1 K«,0l n dS«) 
3. Proofs 

At first we recall some basic and well known facts about total curvature and how 
Morse theory provides restrictions on the Betti numbers. 

Let / : (M n ,g) — > M. n+P be an isometric immersion of a compact, connected, 
oriented n-dimensional Riemannian manifold (M n ,g) into the (n + p)-dimensional 
Euclidean space IR™ +P equipped with the usual Riemannian metric (., .). The normal 
bundle of / is given by 

N f = {(x,0 e f*(TW n+ P) : C -L df x (T x M)}, 

where f*(TW n+p ) stands for the induced bundle, and the unit normal bundle of / 
is defined by 

UN f = {(x,0€N f :\£\ = l}. 
The generalized Gauss map v : UNf — > gn+p-i j s gi ven by v(x,£) = where 
gn+p-i j s foe un it (n + p — l)-sphere in M n+P . For each u G S , " +p_1 , we consider 
the height function h u : M n — > K defined by h u (x) = (f(x), u),x € M". Since h u 
has a degenerate critical point if and only if u is a critical value of the generalized 
Gauss map, by Sard's Theorem there exists a subset E C S n+P ~ l of zero measure 
such that h u is a Morse function for all u £ S n+P ^ 1 \ E. For every u £ s n +p- 1 \ E, 
we denote by fii{u) the number of critical points of h u of index i. We also set 
Hi{u) = for any u £ E. According to Kuiper the total curvature of index i 
of / is given by 

Ti = Yol(S 1 ^)L +P - 1 fii{u)dSu ' 
where dS denotes the volume element of the sphere 5" l+p_1 . 

Let fa = dim Hi(M;T) be the i-th Betti number of M, where Hi(M;F) is the i- 
th homology group with coefficients in a field T . From the weak Morse inequalities 
[12], we know that fii(u) > Pi for every u £ 5"+^-! such that h u is a Morse 
function. Integrating over we obtain 

(3.1) n > pi. 

For each (x, £) £ UNf, we denote by the shape operator of / associated with 
the direction £ given by 

g(A £ (X),Y) = (a(X 

where X, Y are tangent to M and a is the second fundamental form of / viewed 
as a section of the vector bundle Hom(TM x TM,Nf). There is a natural volume 
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element dT, on the unit normal bundle UNf. In fact, if dV is a (p — l)-form on 
UN/ such that its restriction to a fiber of the unit normal bundle at (x, £) is the 
volume element of the unit (p — l)-sphere S^ -1 of the normal space of / at x, then 
dT, = dM A dV. Furthermore, we have 

v*{dS) = G(x,£)dE, 

where G(x,^) := (— 1)™ det ^ is the Lipschitz-Killing curvature at (x,£) € UNf. 
A well-known formula due to Chern and Lashof [7] states that 

(3.2) / |det^|dE = V / ^{u)dS u . 

The total absolute curvature r (/) of / in the sense of Chern and Lashof is defined 

by 

The following result is due to Chern and Lashof [51 [7] . 

Theorem 3.1. Let f : (M n ,g) — > W l+P be an isometric immersion of a compact, 
connected, oriented, n-dimensional Riemannian manifold (M n ,g) intoW l+p . Then 
the total absolute curvature of f satisfies the inequality 

n 

r(/)>£>. 

i=0 

For each i <E {0, ...,n}, we consider the subset U l Nf of the unit normal bundle 
of / defined by 

U*Nf = {(x,£) £ UN f : Index(^) = i). 
Shiohama and Xu [HI Lemma p. 381] refined formula (3.2) as follows 

(3.3) f |det^|dE= / (n(u)dS u . 

We recall that the Riemannian curvature tensor of (M n ,g) is the (0,4)-tensor R 
that is related to the second fundamental form a via the Gauss equation 

R(X,Y,Z, W) = (a{X,W),a{Y,Z)) - (a{X, Z),a{Y,W)), 

where X, Y, Z, W are tangent vector fields of M n . 

By means of the Kulkarni-Nomizu product, the Gauss equation is written as 

(3.4) R = —a»a, 
Moreover, we consider the (0,4)-tensor Ri given by 

(3.5) Ri = -\g*g- 

We are now ready to give the proofs of the main results. 

Proof of Theorem 1.1. Let / : (M n ,g) — > R n+P be an isometric immersion whose 
scalar curvature and the second fundamental form satisfy |scal| > A||a|| 2 . Appealing 
to Proposition 2.3, we have 

||q • a — kg • g\\ n ^ 2 (x) > (c(n,p, k, A))™^ 4 / |det^|dV^ 
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for all x £ M n , where 

{u £ SP- 1 : p < Index(/3»(u)) < n - p} if k > 0, 
SP- 1 if k < 0. 

On account of (3.4) and (3.5), the above inequality becomes 

||i?-fci?i|| n/2 (a;) > (ic(n,p,fc,A))" /4 / |det^|dV^ 

for all x £ M n . Integrating over M n , we obtain 

f \\R-kRi\\ n/2 dM > (i c (n,p,fc,A))™ /4 V f \detAt\dE, 
Jm 4 teJ Ju*N f 

where 

{{p, . . . ,n — p} if k > 0, 
{0,...,n} if fc < 0. 

Bearing in mind (3.3), the definition of the total curvature of index i and (3.1), we 
get 

(3.6) / \\R- fci?i||" /2 dM > e(n,k, A) ^ r, > e(n,k, A)^A, 

where the constant e(n, k, A) is given by 

e(n,k,X):= min (^c(n,p, fc, A))™^ 4 Vol(5" +p_1 ). 

2<p<n/2 4 

Now suppose that fc > and J M \\R— kR\\\ n / 2 dM < s(n, fc, A). Then, in view of 
(3.6), we conclude that Y^7=p r,; ^ 1- Thus, there exists u £ such that the 

height function h u : M n — > M is a Morse function whose number of critical points 
of index i satisfies fii (u) = for any p < i < n — p. Appealing to the fundamental 
theorem of Morse theory (cf. [12; Th. 3.5] or [1 Th. 4.10]), we deduce that M n has 
the homotopy type of a CW-complex with no cells of dimension i for p < i < n — p. 

For k < 0, from (3.6) it follows that every M n £ Ai(n,k, A, a) admits an iso- 
metric immersion into R™ +p ,2 < p < n/2, and a height function h with at most 
a/e(n, fc, A) critical points. Let b\ < ■ ■ ■ < b r be the critical values of h. From Morse 
Theory we know that for any hi < t\ < ti < every connected component of 

£2]) is homeomorphic to x [ii,^]- Hence there exists a number s 

depending only on n, fc, A, a such that the number of n-disks needed to cover M n is 
at most s. □ 

Proof of Theorem 1.2. Let / : (M n ,g) — > M. n+P be an isometric immersion whose 
scalar curvature and the second fundamental form satisfy |scal| > A||a|| 2 . Appealing 
to Proposition 2.4, we have 

seal 

a»a ■ . 

n(n — 1) 

for all x £ M". By virtue of (3.4) and (3.5), the above inequality becomes 



:9 9 9 



l/ \x)>(c(n,p,\/)) n/4 [ |detA^ 

JQ(a\ x ) 



seal 

K —Ki 

n{n — 1) 



l /2, , A 



(x)> Qc(n,p,X)) n/4 I Idet^ld^ 



^4 
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for all x € M n . Integrating over M n , we obtain 



M 



R 



seal 



n(n — 1) 



Ri 



n/2 



2 1 r 

~dM > (-c(n,p,A))" /4 V / |det^|dE. 

4 l=P J U>N f 

Then the rest of the proof is the same as in Theorem 1.1. 

If the scalar curvature of M n is non-positive, then Proposition 2.4 yields 



seal 



n(n — 1) 



9*9 



,/2 



(x) > (c(n,p,X)) 



ra/4 



jdet A^\dV 6 



for all x £ M n . In view of (3.4) and (3.5), the above inequality becomes 



fi- 



scal 



-fix 



12 I 

(x) > (-c(n,p,X)) 



n/4 



n(n — 1) 

for all x € M n . Integrating over M", we obtain 
seal 



M 



R 



n(n — 1) 



n/2 I 

dM > (-c(n,p, A)) 



n/4 



| det 

det A € |dE. 



Bearing in mind the definition of the total absolute curvature r(/) of /, we finally 
get 



(3.7) 
where 



M 



fi 



seal 



n(n — 1) 



fi: 



n/2 



dM>e(n,X)r(f), 



e(n, A) 



min (-c(n,p,X)) n/ \o\(S n+ P- 1 ). 

2<p<n/2 v 4 ' 



Thus, the desired inequality follows immediately from (3.7) and Theorem 3.1. 

The proof that the class AA(n, A, a) contains at most finitely many homeomor- 
phism types is the same as in Theorem 1.1. □ 

Proof of Corollary 1.1. We shall prove that M n is simply connected. Assume to 
the contrary that M n is not simply connected. Since the fundamental form wi(M n ) 
is finite, it contains a subgroup isomorphic to 1 q for some prime q. Let n : M n — > 
M n be the Riemannian covering of M n corresponding to Z q . Then M n is compact, 
and we may appeal to Theorem 1.2 for the isometric immersion / o n, to conclude 
that H p (M n ;Z q ) = 0. According to a deep result due to Bohm and Wilking [I], 
the universal covering of M n is diffeomorphic to the sphere S n . Then, from the 
spectral sequence of the covering S n — > M n , we deduce that 

H p (M n -,Z g )~H p (K(Z g ,iy,Z q )=Z q , 

contradiction. Thus, M™ is simply connected and according to pQ it is diffeomorphic 
to the sphere S n . □ 
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